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Please hand in one physical copy per group and write the names of your group
members on the first page.

Question 1: Math Review
a Define a Metric Space. Solve Exercise 3.3(a,b,c) in SLP.
b Define a Normed Vector Space. Solve SLP 3.4 (a,d,e,f).

¢ Define upper hemi-continuity (uhc) and lower hemi-continuity (lhc).

d Prove that a function is continuous if and only if it is a (single-valued) UHC
correspondence.

e Prove that a function is continuous if and only if it is a (single-valued) LHC
correspondence.

f Solve SLP 3.13

Question 2: Theorem of the Maximum
Consider the feasibility correspondence:

['(k)={kK eR|0<K <0k*}
a What does it mean for I'(-) to be continuous? Prove that I'(+) is continuous.
b State the Theorem of the Maximum. Now, suppose f(:) is a continuous real
valued function. What can be said about ¢ : R = R defined as
g(k) = arg max f ()
s.t. z e I'(k).

¢ Suppose now that f(-) is strictly quasi-concave. What can be said about g?

Question 3: Blackwell’s Sufficient Conditions and The Contraction Mapping Theorem
Let X C R! and B(X) be the space of bounded functions, f : X — R with the sup

1orim.

1. State Blackwell’s Sufficient Conditions for an operator T': B(X) — B(X)

2. Define a contraction. Prove that if T satisfies Blackwells conditions, then T is a
contraction.



3. Define a fixed point for T. State and prove the Contraction Mapping Theorem.

Question 4: The One Sector Growth Model
This question aims to help you understand how to apply dynamic programming into
characterizing solutions of the standard one-sector neoclassical growth model. It is a
methodology that everyone should master. In each step, try to add as few conditions
as possible to achieve the desired results.

Consider the following one-sector growth model:

*(ko) = U (e, 1
v'(ko) = max ;ﬁ (cr )
s.t. Ct + x4 S f(kft, nt)
kt—l—l S T + (]. — (S)kt
ly+mny <1
Ct, kta lt7 Uz Z 0

ko > 0 given

a Write down the conditions on U and f such that this social planner’s problem can
be written as a dynamic programming problem. Write the functional equation.

b Write down the conditions on f and 0 such that there exists a maximal sustainable
level of capital K, which will be when the consumer consumes nothing and works
as much as possible. What equation does K satisfy?

¢ Write down the conditions on U, f, §, and (8 such that Assumption 4.3 and Assump-
tion 4.4 (SLP, pp. 78) hold. Show that these conditions imply the assumptions.

d Let v and G be as defined in SLP section 4.2. Prove that, under these conditions,
v is a bounded and continuous function. If you use any theorems from chapter 4
of SLP, you must prove them in your own words.

e Write down the extra conditions on U and f such that Assumption 4.5 and As-
sumption 4.6 (SLP, pp. 80) hold. Show that these conditions imply the assump-
tions. What can you say about v now? What about G?

f Write down the extra conditions on U and f such that Assumption 4.7 and As-
sumption 4.8 (SLP, pp. 80) hold. Show that these conditions imply the assump-
tions. What can you say about v and G now?

g Write down the extra conditions on U and f such that Assumption 4.9 (SLP, pp.
84) holds. Show that these conditions imply the assumption. What can you say
about v now?



Question 5: Guess and Verify I - Optimal Growth with Leisure
Consider the social planning problem of choosing sequences {(ct, k¢, ng, l¢) }52, to solve

max Z B*(log c; + vlogly)
=0

s.t.
¢t + kepr < Okng
ly+mn <1
¢y kg, ng, Iy >0

ko given

where 0 < a<1,0< < 1,and 6§ > 0.
a Write down the Bellman equation for this problem.

b Guess that the value function V' (k) has the form ag+ a; log k. Find the analytical
solution for this value function V' (k) and the policy functions g.(k), gr(k), gi(k), gn(k).
(Hint: the policy function for labor is constant.)

¢ Define the Arrow-Debreu Equilibrium for this world. Calculate the Arrow-Debreu
Equilibrium by using the policy functions found in part (b).

d Define the Sequential Markets Equilibrium for this world. Calculate the Sequen-
tial Markets Equilibrium by using the policy functions found in part (b).

e Suppose now that there are equal populations of 2 types of consumers, with the
same discount factor 3. They have different utility functions— logc; + ' log l;
and loge; + ~v*logl;. Does the equilibrium allocation for this new economy solve
a dynamic programming problem like that in part (a)? Carefully explain why or
why not. If it does solve such a problem, write down the Bellman equation.

Question 6: Homothetic-Homogeneous Problem
Consider the following problem:

v(ko) = maxz ﬂtct—

Ct + Xt S Akt
ktJrl S Tt + (1 — (S)kt
¢ty ke >0

ko given



a Characterize the homogeneity properties of the optimal decision rules in initial
capital stock, kq. Specifically, if the initial condition is nky instead of ko, where
n > 0, how will the optimal time paths for consumption, labor supply, investment,
and capital change? Prove your claims.

b Show that the value function is homogeneous of degree 1 — ¢ in the initial capital
stock.

Question 7: Guess and Verify II
Consider the following sequence problem:

v(ko) = max Y Bu(c,)

s.t.
et + ki < Ak,
cyky >0

ko given

a Write this problem as a dynamic programming problem.

b Assue u(c) = ¢!77/(1 — o). Write down the Bellman equation. Make a guess for
the value function and obtain an analytical expression for v(-).

¢ Assume u(c) = —e~°. Derive v(-).

Question 8: Different Discount Factors (Prelim Spring 2007)
Consider the competitive equilibrium of an Ak economy with two types of agents with
equal mass of each. The utility function of type ¢ is given by:

Z ﬁf log Cit
t=0

where 0 < 81 < B2 < 1. Assume that the initial endowments of period 0 capital stock
are the same: k; o = ko > 0. The aggregate resource contraint is

ct + kt+1 S Akt + (1 — 5)kt

where ¢; denotes period ¢ aggregate consumption, k; the aggregate capital stock, and
0 < 0 < 1 the depreciate rate.

a Do the two agent types consume the same amount in period 07 If not, who
consumes more? Prove your claims.

b What is lim;_, i—; in equilibrium?



